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Group — A
1. a) Answer any one question :
i) Let S be a non-empty subset of R, (R is the set of real numbers) bounded above and

T ={-x:x S}. Prove that the set T is bounded below and inf T =—sup S. [2]
i) Prove that for a positive real number x there exists a natural number m such that
m-1<x<m. [2]
b) Answer any one question :
i) Prove that the set of rational numbers is enumerable. [3]
i) Prove that IingsinE does not exist. [3]
X—> X

Answer any three from Question no. 2 to Question no. 6 [3x5 = 15]

2. a) Show that the union of finite number of open sets of real numbers is an open set.
b) If A and B are subsets of real numbers prove that CI(A~B) < CI(A) ~CI(B). [3+2]
3. State and prove Bolzano-Weierstrass theorem for infinite point sets. [1+4]

4. a) Show that a monotone increasing sequence of real numbers which is bounded above is
convergent.

b) Prove that the sequence {u,}, . defined by u, = J6, u,,=./6+u, for n>1 is convergent.[3+2]

5. a) Show that a bounded sequence {X,}.., is convergent if and only if Wxn =limx

b) Let | =(a,b) be a bounded open interval and f:1— R be a monotone increasing function on I. If
f is bounded below on I, then show that lim f(x) = ipfb)f(x) : [3+2]

6. a) Let S:{l+£;m,nare narural numbers}. Show that 0 is a limit point of S.
m n

b) Using Cauchy criterion for the existence of limit, prove that for the function f:(0,1) >R
defined by, f(x) =1, ifxisrational, x €(0,1).
=-1, if xis irrational, x <(0,2)

limf(x) does not exist when a [0,1] . [2+3]

7. Answer any two questions : [2x3 = 6]
a) Forany three sets A, B, C prove that Ax(BNC)=(AxB)n(AxC). [3]

b) Prove that each partition of a set S yields an equivalence relation on S. [3]




c) Let A, B be two non-empty sets and f: A — B be a bijective mapping. Prove that the mapping

f7:B— A isalso a bijection. [3]
Answer any four questions from Question no. 8 to Question no. 14. [6x4 = 24]
8. a) Let X be anon-empty set. Prove that there does not exist any surjective map from X onto P(X),
the power set of X. [3]
b) Prove that the relation p onR defined by ‘xpyiff x—yeQ (X,yeR)’ is an equivalence
relation. Find the equivalence class containing the element ‘0’. [2+1]
9. a) Prove that the necessary and sufficient condition, that a non-empty subset H of a group (G, -) is a
subgroup of G is that a,be H=ab™" eH.
1234567 1 .
b) Leta= be an element of S;. Is a~ an even permutation? [4+2]
6475231
10. Define the centre of a group. If G is a non-commulative group of order 10 then show that G has a
trivial centre. [1+5]
11. @) Inagroup (G, -) a* = e (the identity of G) and a.b.a* =b? (a,beG) ; find the order of b if b=e.
b) If (H, ) be a sub-group of a group (G, ), prove that the two left-cosets of H in G are either
disjoint or identical. [2+4]
12. Show that all the proper subgroups of the symmetric group Ss are cyclic. Prove that every cyclic
group is abelian. Give an example of an abelian group which is not cyclic. [2+2+2]
13. a) Letn>1 bean integer. Prove that the characteristic of the ring Z, is n.
b) Prove that a finite integral domain is a field. [2+4]
14. a) Give examples of two subfields K1, K, of a field F such that K, UK, fails to be a subfield of F.

b) Prove that the field Q of all rational numbers has no proper subfield.
c) Give an example with justification of a finite field containing more than 25 elements.  [2+2+2]

Group—-B

Answer Question No. 15 and 20 and any two from Question No. 16-19

15.

16.

Answer any one question :

a) Obtain the differential equation of all circles each of which touches the axis of x at the origin. [5]
b) Find an integrating factor of the differential equation :

(y? + 2x%y)dx + (2x3 — xy)dy = 0 and hence solve it. [2+3 = 5]
a) Reducing the differential equation x’p> + py(2x+y) + y* = 0 to Clairaut’s form by the

Substitutions y = u, xy = v, solve it and prove that y+4x = 0 is a singular solution. [3+2]
b) By the use of symbolic operator D, find the solution of the equation :

3 d3y 2 dzy _ 1
XE+2x @+2y—10(x+;). [5]



17.

18.

19.

20.

b)

b)

Show that if y; and y, be solutions of the equation g—er Py =Q where P and Q are functions of x

- 8dx

alone and y, = y1Z then Z=1+ae Iyl (a is an arbitrary constant). [5]

By the method of undetermined coefficients find the solution of the equation :

@y 8%y Ay o 2

= dez ™ 2y = e* 4+ x“. [5]

2
Solve by the method of variation of parameters, d_y+ ldy 12 y=logx(x>0) [5]
dx* xdx x

Show that the equation (1 + x + xz) — + 3+ 6x) — + 6 = 0 is exact and hence solve it.
[1+4]

Find an integrating factor of the equation (2xy*e’ + 2xy® + y)dx + (x’y*e¥ — x?y* —3x)dy = 0 and

hence solve it. [2+3]

2 2
Solve : yd_y_(d_yj =y*logx. [5]
dx* \dx

Answer any five questions :

a)

b)

f)

9)

h)

Line segments are drawn from a vertex of a parallelogram to the mid-points of the opposite
sides. Show that they trisect a diagonal. [5]

If three vectors &, b, & be expressed as a linear combination of three non-coplanar vectors [ m, 7
as C_i = a1i+ azm + a37—i, B = b1Z)+ bzm + b37_i and E = C1Z)+ C277l) + C37_i then ShOW that '[hEIr

ap Qa; as
scalar product [@ b &] = |b1 by bs|[[7i 7] [5]
€1 G2 C3
i) Provethat (@ x b) x é=dx (bx&)ifandonlyif (¢ xd) xb=0 [3]
i) Solve for the scalars y and z satisfying yd + zb =&, where d@,b are given non-collinear
vectors. [2]

A force of magnitude 15 unit acts in the direction of the vector i — 2j + 2k and passes through
the point 2(f — j + k). Find the moment of the force about the point i + j + k. [5]
Show that the necessary and sufficient condition that a proper vector U always remains parallel

to a fixed line is that uxz—t:f) [5]

i) Find the maximum value of the directional derivative of ¢ =x”+2z*—y? at the point (1,3,2).

Find also the direction in which it occurs. [1+1]

ii) Prove that Curl {azr} = 33 %(é F)F where T = Xi +Yj+zkand & is a constant vector. [3]
r r*or

Find the shortest distance between the two lines through A(6, 2, 2) and C(-4, 0, —1) and parallel
to the vectors (1, -2, 2) and (3, -2, —2) respectively. Find the points where the lines meet the line

of shortest distance. [5]
Show that the vector field determined by grad f is always irrotational and the vector field
determined by curl Fis always solenoidal. [5]



